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Motivation (cont.)

The primary E and B fields in an unbounded Tellegen medium are

undistinguishable from the primary fields in a equivalent simple medium

>
Maxwell equations
VxE=1wB
_ VxH=-iwD _ _ , ,

Tellegen medium Simple isotropic medium  u, =u
D=¢,¢E+c'xH D, =& & E . on

L =—
B=u, uH+c'xE B = 1y 43 Hy H
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The chromlum oxide Cr,04 is an uniaxial Tellegen material

B B. Krlchevtsov V. V. Pavlov and V. N. Gridnev, J. Phys.:
' ‘Condens Matter, vol. 5, pp. 8233-8244, 1993.

Topologlcal insulators may have a Tellegen-type electromagnetic
- response

X. L. Qi, R. Li, J. Zang and S. C. Zhang, Science, vol. 323, pp.
1184-1187, 20009.

A Tellegen type response is allowed in particular crystals with a
magnetic order

S. Coh and D. Vanderbilt, Phys. Rev. B, vol. 88, pp.
121106, 2013.
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Duality theory

Tellegen medium is transformed into a simple isotropic medium (SIM)

— (& K
Transformation matrix §

T (B s (5)

(801/‘0)

Original problem

Transformed problem

A. N. Serdyukov, A. H. Sihvola, S. A. Tretyakov and I. V. Semchenko,
Electromagnetics, vol. 16, no. 1, pp. 51-61, 1996.

A. Lakhtakia and W. S. Weiglhofer, Electromagnetics, vol. 17, no. 2, pp. 199-204,
1997.
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Duality theory (cont.)

Multi-material structures may not be reduced to simple structures
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Objective

» Study in-which conditions Tellegen structures are reducible
to simpler structures

* Derive the duality transformation that enables such a

reduction

1 Duality
Z transformation

y \—S/
Tellegen structure
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Geometrical representation of Tellegen media

D-M B=c* T |nE
H+M E=cI |n|B

Families of isorefractive Tellegen media
|n |=const.
I

SIM' fw=M +il
( J

/

PEMC
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Geometrical interpretation of duality transformations

Duality transformations are Mobius mappings

Wy = (Szzw_ Sy )/(511 - 512W)

(M, T') plane
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R eau'é‘fi‘-o»-nmo,fhtk\_/\»_l_Q_ng eneric Tellegen media to simple media

com 15‘0~Sﬁ,i,,ti'0"' ---- oftwogen erx‘alized rotations SRZ : SRl

o)
Tz — (82 L K‘z)

Tellegen class

SIM class

instituto de
telecomunicacdes




| Reduction of two generic Tellegen media to simple media

Rq,’é aﬂtid'ﬁ“gn gl e !
Gt 2/(4-2)] |

" Rotation 5§ =@/

vacuum

vacuum

T, —)(gl,yl,/cl)
T, _>(521ﬂ2’K2)
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Reductlon oftWOg eneric Tellegen media to simple media

Rq,’é aﬂtid'ﬁ“gn gl e !
Gt 2/(4-2)] |

~ Rotation §, = e
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| Reduction of two generic Tellegen media to simple media

NN Rotation angle
Rot atlonan s] e 0,=tan™ [ZK; / ( Wit —em, )]
G=ten[26/(k-a)] |

!

v M
=
&

" Rotation 5§ =@/

\thation Sq

vacuum

PNCYRLE
2

T, —)(gl,yl,/cl)
T, _>(521ﬂ2’K2)
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| Reduction of two generic Tellegen media to simple media

NN Rotation angle
Rot atlonan gl e 0, =tan™ [21{& / ( Wt —em, )]
G=ten[26/(k-a)] |

!

v M
=
&

 Rotation §; =e®/?°?

\thation Sq

vacuum

PNCYRLE
2

T, —)(gl,yl,/cl)
T, _>(521ﬂ2’K2)
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R ea"u‘é-ﬁ—-o»-nmo,f_;vty,\,_/_g»‘g eneric Tellegen media to simple media

e Rotation angle
qua,tird"h“angIéﬁ 0, = tan‘l[ZKQ / (ﬂén{_l —82771')}

& :tan_l [ZKl/E(M - 51 )] 7

m= =

; x
\Ri)tation Sg, =el%/2n

vacuum

Tellegen class

T, —)(gl,yl,/cl)
T, —)(82,/12,K2)

S, = (52" /Ug)

Filipa R. Prudéncio, Sérgio A. Matos and Carlos R. Paiva, “Geometrical approach to duality
transformations for Tellegen media,” IEEE Trans. Microwave Theory and Techn., vol. 62, no. 7, Instituto de
pp. 1417-1428, 2014. ‘ telecomunicacdes




Appllcatlons of Tellegen classes
----- to perlodlc structures

Tellegen class

d L %

M, CIass  _mm—t ll l
o AAAR A




| b‘i’sp'ers;i;o-nm».e.q uations and duality transformations

Duality f‘ranéforrvﬁ’at-i,gﬁﬁs V"‘axct o."\‘/_xer the material parameters and electromagnetic fields

 Transformed material parameters M, =(§‘1)T-I\7I-S‘1

~ Transformed electromagnetic fields ( Eq j=§-£ : ]
i el oM

7a
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Periodic structures with Tellegen media

Dispersion equations

1
= (1-R'R)

cos(kza):%+

T 1
, cos(kza)=?+2—_r_(1—R_LRf)
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Periodic structures with Tellegen media

Dispersion equations

1
= (1-R'R)

cos(kza):%+

T 1
, cos(kza)=?+2—_r_(1—R_LRf)
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Periodic structures with Tellegen media
Symmetric band diagrams |:> ao(k,) = w(—k,)

Tellegen periodic structures

Same class Different classes

(o) 1 c2 C)z()z

N

3 2 -1 0 1 2 3 32 -10 1 2 3
k.a k.a

YA yA
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Periodic structures with bi-isotropic media

Periodic structures with-chiral and Tellegen media

a=d;+d,+d,

Asymmetric band diagrams
a)(kz) * a)(_kz)

1 —e
- _e_
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Periodic structures with nonreciprocal media

Periodic structures with chiral Periodic structures with chiral
and Tellegen media media and ferrites

&/d2\<d3\ X g '

o '«—»a-%

a=d +d,+d, a=d +d,

e @C ] oF
a 1.0 a 0.8l
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Two Tellegen slabs can mimic one ferrite slab! B
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Conclusions

> Tellegen media are geometrically represented in the Riemann sphere

» Duality transformations are classified according to their geometric
actions in the Riemann sphere

» Themost general classes of Tellegen media reducible to simple media
were derived

» Tellegen periodic structures not reducible to SIM periodic structures
have nondegenerate Bloch modes

» Periodic structures with nonreciprocal and chiral media may have
asymmetric band diagrams

» Two Tellegen slabs can mimic one ferrite slab
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Thank you for your attention!




Classification of duality transformations

Duality transformations |:> § — e”"'ﬁ Pauli matrices
A (0 1 (0 i (10
6-n=6xnx+6yny+62nz O, = 1 0 C, = | 0 G, = 0 —1
f=(n.n,.n,)

cosul +sinue-n, (generalized rotations) N-n=-1

S=e"" ={coshul +sinhue-f, (Lorentz boosts) n-N=1

l+uc-n, (Galilean boosts) A-A=0
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Tellegen classes

Ky, = &@+ ub+rc=0

Ky, =&+ 1,0+ x,=0

& K
& H
&3 Hj

Ky, = &8+ 10+ K, =0

Transformation matrix

M = (gd K4 ] S — Si1 Sp
L= —
Ko Hq S21 S22

Classes of media

K ) (a & MK
K || b= ¢ det| &, 1, K,|=0
K, )\ C & My K
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Example

Generalized rotation §R — a(ts/2)en

SIM

SR
Hybrid modes <: TE and TM modes

o-1
h?sin® (hd)n® + & cos® (hd ) n <S:R h*sin® (hd )n* + & cos® (hd )n;

—heccos(hd)sin(hd)(& u, +&, 1) =0 —hea cos(hd)sin(hd ) (&, 1, + &, 445) =0

Dispersion diagrams are invariant

N
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